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Abstract. One of the numerous equivalent characterizations of a Ramsey 
cardinal k involves the existence of certain types of elementary embeddings for 
transitive sets of size k satisfying a large fragment of ZFC. I introduce new 
large cardinal axioms generalizing the Ramsey embeddings and show that they 
form a natural hierarchy between weakly compact cardinals and measurable 
cardinals. These new axioms serve to further our knowledge about the ele- 
mentary embedding properties of smaller large cardinals, in particular those 
still consistent with V = L. 

1. Introduction 

Most large cardinals, including measurable cardinals and stronger notions, are 
defined in terms of the existence of elementary embeddings with that cardinal as the 
critical point. Several smaller large cardinals, such as weakly compact, indescrib- 
able, and Ramsey cardinals, have definitions in terms of elementary embeddings, 
but are more widely known for their other properties (combinatorial, reflecting, 
etc.). Other smaller large cardinals, such as ineffable and subtle cardinals, have 
no known elementary embedding properties. I will investigate the elementary em- 
bedding property of Ramsey cardinals and introduce new large cardinal axioms by 
generalizing the Ramsey embeddings. By placing these new large cardinals within 
the existing hierarchy, I try to shed light on the variety of elementary embedding 
properties that are possible for smaller large cardinals. The new large cardinals also 
have elementary embeddings more suitable for use in indestructibility arguments 
than the Ramsey embeddings. In a forthcoming joint paper with Thomas John- 
stone, [?], we use the embedding properties to obtain some basic indestructibility 
results for Ramsey cardinals through the techniques of lifting embeddings. I hope 
that this project will motivate set theorists who work with smaller large cardinals 
to focus on investigating their elementary embedding properties. I will begin with 
some basic definitions and terminology. 

Let ZFC^ denote the fragment of ZFC consisting of ZF without the Powerset 
axiom and a form of Choice which states that every set is bijective with some 
ordinal. I will call a transitive set M \= ZFC~ of size k, with k G M a weak k- 
model. I will say that a weak /t-model M is a n-model if additionally A/^" C M . 
Observe that for any cardinal k, if M -< has size k with k C M, then M is 
a weak K-model. Similarly, if A > k is a regular cardinal and X -< H\ has size k, 
with K + 1 C X, then the Mostowski collapse of X is a weak K-model. So there 
are always many weak K-models for any cardinal n. If additionally k^" = k, we 
can use a Skolem-Lowenheim type construction to build K-models M -< and 
substructures X -< H\ whose collapse will be a K-model. Unless specifically stated 
otherwise, the sources and targets of elementary embeddings are assumed to he 
transitive. I will call an elementary embedding j : M ^ N n-powerset preserving 
if it has critical point k and M and N have the same subsets of k. For example, 
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it is trivially true that any elementary embedding j : V —>■ M with critical point k 
such that M C y is K-powerset preserving. 

I will define the Ramsey-like embedding properties shortly. To provide a motiva- 
tion for this collection of definitions, I will begin by recalling the various equivalent 
definitions of weakly compact cardinals. 

Theorem 1.1. //k^'* = k, then the following are equivalent. 

(1) K is weakly compact. That is, n is uncountable and, every K-satisfiable theory 
in a Lk,k language of size at most k is satisfiable. 

(2) For every A C k, there is a transitive structure W properly extending 
and A* CW such that {V^,e,A) -< (W,e,A*). 

(3) K is inaccessible and every n-tree has a co final branch. 

(4) Every A (1 k. is contained in weak n-model M for which there exists an 
elern,entary em,bedding j : M ^ N with critical point k. 

(5) Every A C k is contained in a n-model M for which there exists an ele- 
mentary embedding j : M N with critical point k. 

(6) Every A C k is contained in a n-model M -< Hf^+ for which there exists an 
elementary embedding j : M ^ N with critical point k. 

(7) For every K-model M, there exists an elementary embedding j : M ^ N 
with critical point k. 

(8) For every K-model M, there exists an elementary embedding j : M ^ N 
with critical point k such that j and M are elements of N. 

For a proof of those equivalences see [?] (ch. 6). Now we are ready to state 
the large cardinal notions that will be the focus of this paper. The general idea 
is to consider the various equivalent elementary embedding properties of weakly 
compact cardinals with the added assumption that the embeddings have to be n- 
powerset preserving. We will soon see that this additional assumption destroys the 
equivalence in the strongest possible sense. 

Definition 1.2 (Weak Ramsey Embedding Property). A cardinal k has the weak 

Ramsey embedding property if every A C k is contained in a weak K-model M for 
which there exists a K-powerset preserving elementary embedding j : M ^ N . We 
say that a cardinal is weakly Ramsey if it has the weak Ramsey embedding property. 

Definition 1.3 (Ramsey Embedding Property). A cardinal k has the Ramsey 
embedding property if every A C k is contained in a weak K-model M for which 
there exists a K-powerset preserving elementary embedding j : M ^ N satisfying 
the property that whenever {An | n G w) is a sequence of subsets of /t such that 
each An & M and n £ j{An), then n„ga^A„ ^ 0. 

For {An I n e e M, of course, the conclusion follows trivially. So the content 
here is for sequences not in M. I will show later that a cardinal is Ramsey if and 
only if it has the Ramsey embedding property (this follows from results in [?] , [?] , 

and [?] among others). 

Definition 1.4 (Strong Ramsey Embedding Property). A cardinal k has the strong 
Ramsey embedding property if every A C k is contained in a K-model M for which 

there exists a K-powersct preserving elementary embedding j : M N . We say 
that a cardinal is strongly Ramsey if it has the strong Ramsey embedding property. 

Definition 1.5 (Super Ramsey Embedding Property). A cardinal n has the super 
Ramsey embedding property if every A C k is contained in a K-model M -< Hf^+ for 
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which there exists a K-powerset preserving elementary embedding j : M N. We 
say that a cardinal is super Ramsey if it has the super Ramsey embedding property. 

Definition 1.6 (Total Ramsey Embedding Property). A cardinal k has the to- 
tal Ramsey embedding property if for every K-model M -< Hi^+ , there exists a 
K-powerset preserving elementary embedding j : M ^ N . We say that a cardinal 
is totally Ramsey if it has the total Ramsey embedding property. 

Note that since a weak K-model can take the Mostowski collapse of any of its 
elements, the definitions above hold not just for any A C k, but more generally 
for any A € Hi^+. Also, observe that the "total Ramsey embedding property" 
"super Ramsey embedding property" "strong Ramsey embedding property" 
"Ramsey embedding property" — > "weak Ramsey embedding property" . 

The following theorem, which will be proved in parts in the subsequent sections, 
summarizes what is known about the placement of these new large cardinals in the 
large cardinal hierarchy. Also, see the diagram on the next page. 

Theorem 1.7. 

(1) A measurable cardinal is a super Ramsey limit of super Ramsey cardinals. 

(2) A super Ramsey cardinal is a strongly Ramsey limit of strongly Ramsey 
cardinals and an ineffably Ramsey limit of ineffably Ramsey cardinals. 

(3) A strongly Ramsey cardinal is a Ramsey limit of Ramsey cardinals and a 
limit of ineffably Ramsey cardinals. 

(4) A cardinal has the Ramsey embedding property if and only if it is Ramsey. 

(5) A Ramsey cardinal is a weakly Ramsey limit of weakly Ramsey cardinals\j 

(6) Weakly Ramsey cardinals are consistent with V = Llj 

(7) A weakly Ramsey cardinal is a weakly ineffable limit of ineffable cardinals, 
but not necessarily ineffable. 

(8) There are no totally Ramsey cardinals. 

Theorem 11.71 shows, surprisingly, that the various embedding properties that 
define weakly compact cardinals form a hierarchy of strength when you add the 
powerset preservation property, and one such property is even inconsistent! 



^This follows from a result of Ian Sharpe [?] to be discussed in Section [5] 
am grateful to Philip Welch for answering this question. 
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The solid arrows indicate direct implications and the dashed arrows indicate 
relative consistency. 

Totally Ramsey -« >- 0=1 



Strong 



Strongly Unfoldable 7^ Unfoldable 



Totally Indescribable 




Measurable 



Super Ramsey 



Strongly Ramsey - -•- Ineffably Ramsey 



Ramsey 



Nearly Ramsey 



'eakly Ramsey 



Weakly Ineffable 



Ineffable 



Weakly Compact 
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Definition 1.8. Suppose M is a transitive model of ZFC and A is a cardinal in 
M. Then U C V{X)r^M is an M-ultrafilter if (M, U) |= "C/ is a normal ultrafilter" . 

Recall that an ultrafilter U is normal if every regressive function f : A ^ \ with 
A S ?7 is constant on some B ^ U. Note that we are taking normality from the 
point of view of M as part of the definition of an M-ultrafilter. 

Proposition 1.9. Suppose M is a weak n-model such that M" C M for some 
a < K and j : M N is a K-powerset preserving embedding. Let X — {j{f){K) \ 
f : K ^ M and / € Af } C and let tt : X ^ K be the Mostowski collapse. Then 
h = TT o j : M ^ K is an elementary embedding with critical point k having the 
properties: 

(1) h is K-powerset preserving, 

(2) h is an ultrapower by an M-ultrafilter on k, 

(3) K G if and only if k E h{A) for all A ^ k in M , 

(4) K has size k, 

(5) if" C K, 

(6) we get the commutative diagram: 



M 



h 




K N 

Proof. Clearly the size of if is k since M has size k. Define U = {A C k \ 
A G M and k £ jiA)}. It follows by standard seed theory arguments that U is an 
M-ultrafilter, the embedding h is the ultrapower by U, and K" C K [?] (ch. 0). 
For (1), observe that tt{(3) = (3 for all (3 < k, and hence the critical point of tt^^ is 
above k. This implies that N and K have the same subsets of k. Finally, for (3), 
observe that k € j{A) ^ 7r(K) G tt o j{A) <-> k G tt o j{A) ^ k G h{A). □ 

By Proposition II. 9( we can always assume in the definitions of Ramsey-like 
embeddings that j : M — > is an ultrapower by an Ai-ultrafilter on k, the target 
N has size k, and if M" C AT, then N'^ C N. Also, from condition (3), it follows 
that the Ramsey embedding property can be restated in terms of having a k- 
powerset preserving elementary embedding j : M ^ iV by an Ai-ultrafilter U on k, 
with the property that whenever {An | n G is a sequence of elements of U, then 

nneu;A„ ^ 0. 

2. The Large Cardinal Hierarchy 

In this section, I show that the definitions above do define large cardinal notions, 
and discuss where these large cardinals fit into the large cardinal hierarchy. The 
arguments below all rely on the powerful reflecting properties of Ramsey-like em- 
beddings, which arise from the fact that the source and the target of the embedding 
have the same subsets of k. Note that if the models have the same subsets of k, 
then they have the same objects of transitive size k from the point of view of the 
models. 

Proposition 2.1. If k, is a weakly Ramsey cardinal, then k is a weakly compact 
limit of weakly compact cardinals. 
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Proof. Since k satisfies the Ramsey embedding property, it has property (4) of 
Theorem 11.11 So, by Theorem 11.11 to show that k is weakly compact, it suffices 
to verify that k^'' = k. But it is easy to see that k is inaccessible by using the 
embeddings to show that it is regular and the K-powerset preservation property of 
the embeddings to show that it is a strong limit. Note that without the K-powerset 
preservation property it would be impossible to show that k is a strong limit since 
property (4) of weakly compact cardinals provably does not imply that k is a strong 
limit (see [?], ch. 6). 

It remains to show that k is a limit of weakly compact cardinals. We start 
by choosing a weak K-model M containing for which there exists a K-powerset 
preserving j : M N . Observe that it suffices to show that k is weakly com- 
pact in TV. If K is weakly compact in N , then for every P < k, we have N \^ 
"3a < j{k) a > j3 and a is weakly compact". It follows that M \= "3a < n 
a > (3 and a is weakly compact" . But since V„ G M, the model M is correct about 
a being weakly compact. Thus, it remains to show that N \= "k is weakly com- 
pact" . I will show that N \= "Every K-tree has a cofinal branch" . Suppose T C k 
is a K-tree in N. Since M and N have the same subsets of k, the tree T £ M. 
Consider j{T) e N. Since k is the critical point of j and levels of T have size less 
than K, the tree j{T) restricted to the first k many levels is exactly T. Since the 
height of j(r) is ^(k), it must have some element on the k*'' level. The predecessors 
of that element will be a cofinal branch of T in A^. □ 

Definition 2.2. An uncountable regular cardinal k is ineffable if for every sequence 
{Ac I a G k) with C a, there exists A C k such that the set S = {a £ k \ 
AC\a — Aa } is stationary. An uncountable regular cardinal n is weakly ineffable if 
such an A can be found for which the corresponding set S has size n. A cardinal k 
is ineffably Ramsey if k is both ineffable and Ramsey. 

Ineffable cardinals are weakly compact limits of weakly compact cardinals and 
weakly ineffable limits of weakly ineffable cardinals. This is true since ineffable 
cardinals are Ilj-indescribablc [?] (p. 315), and being weakly ineffable or weakly 
compact is a 112- statement satisfied by ineffable cardinals. We will see below that 
a Ramsey cardinal is a limit of ineffable cardinals. However, since being Ramsey is 
a Ilj-statement, the least Ramsey cardinal cannot be ineffable. 

Theorem 2.3. If k is a weakly Ramsey cardinal, then k is a weakly ineffable limit 
of ineffable cardinals. 

Proof. Fix A — {Aa \ a £ k) with each Aa C a. Choose a weak K-model M 

containing A and for which there exists a K-powerset preserving embedding 

j : M ^ N. Consider j{A) and, in particular, A = j{A){K). Since A C k, hy the 
powerset preservation property, A € M. The set S — {a£K\Ar\a = Aa} is 
stationary in M. To see this, fix a club C G M and observe that k € j{S) D j{C). 
In particular, S has size k. So we have shown that k is weakly ineffable. To show 
that K is a limit of ineffable cardinals, we show that N "k is ineffable". The 
argument above actually shows that k is ineffable in M. But since AI and N have 
the same subsets of k, this implies that k is ineffable in N as well. □ 

The conclusion of Theorem 12.31 cannot be improved to say that k is ineffable 
since a Ramsey cardinal is always weakly Ramsey, and the least Ramsey cardinal 
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is not ineffable. In fact, we show in [?] that even the strongly Ramsey cardinals are 
not necessarily ineffable. 

Definition 2.4. An uncountable regular cardinal k is subtle if for every sequence 
{Aa I a G k) with A„ C a and every club C on k, there exist ordinals a < f3 in C 
such that n a = Aa- 

Proposition 2.5. If k is a weakly Ramsey cardinal, then k is subtle. 

It is known that weakly ineffable cardinals are subtle, but I will give a direct 
proof, again using the reflection properties of Ramsey-like embeddings. 

Proof. Fix any A = {Aa \ a £ k) with Aa C a and a club C on k. Choose a weak 

K-model M containing A and C for which there exists a K-powerset preserving 
j : M ^ N. Define S and A as in the proof of Theorem 12.31 and recall that M 
thinks that S is stationary. Thus, there are a < /3 in SDC. Clearly for such a < (3, 
we have Ap D a ^ An l3 D a = Aa. □ 

Corollary 2.6. If k is a weakly Ramsey cardinal, then (^^ holds. 

Proof. If K is subtle, then <0>k holds. □ 

The work of Ian Sharpe [?] (see Section [5] for details) shows that: 

Theorem 2.7. If k is a Ramsey cardinal, then k is a weakly Ramsey limit of weakly 
Ramsey cardinals. 

I show in CoroUarv 13.111 that every strongly Ramsey cardinal is a Ramsey limit 
of Ramsey cardinals. 

Theorem 2.8. If k is a super Ramsey cardinal, then k is a strongly Ramsey limit 
of strongly Ramsey cardinals. 

Proof. Choose a K-model M -< II^+ for which there exists a K-powerset preserving 
embedding j : M ^ N. Note that G M since M is a K-model (use the Re- 
placement axiom in M). As usual, it suffices to show that k is a strongly Ramsey 
cardinal in N. By Proposition [L9l there is always a K-powerset preserving embed- 
ding witnessing the strong Ramsey embedding property whose target has size k. 
It follows that IIf^+ ^ "k is a strongly Ramsey cardinal" . Therefore M \= "k is a 
strongly Ramsey cardinal" by elementarity, and N agrees about this since AI and 
N have the same subsets of k. □ 

Theorem 2.9. If k, is a super Ramsey cardinal, then k is an ineffably Ramsey limit 
of ineffably Ramsey cardinals. 

Proof. If K has the super Ramsey embedding property, then we can choose M -< II^+ 
in the proof of Theorem 12.31 This insures that if M thinks that a set is stationary, 
then M is correct about this. Therefore the proof of Theorem 1 2 . 31 shows in this case 
that K is ineffable. Once we show that having the Ramsey embedding property is 
equivalent to being Ramsey (Theorem I3.10|) . it will follow that k is also Ramsey. 
Thus, n is ineffably Ramsey. We already saw that if j : M ^ iV is K-powerset pre- 
serving and M is a K-model, then iV \= "k is ineffable" . I will also show later that if 



See [?], p. 315 for a proof that ineffable cardinals have diamond, and observe that only 
subtleness is needed. 
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j : M ^ N is K-powerset preserving and M is a K-niodel, then N ^ "k is Ramsey" 
(Corollarv l3.11|) . This shows that k is a hmit of ineffably Ramsey cardinals. □ 

Corollary 2.10. A strongly Ramsey cardinal is a limit of ineffably Ramsey cardi- 
nals. 

The most surprising result is the following: 
Theorem 2.11. There are no totally Ramsey cardinals. 

Proof. Suppose that there exists a totally Ramsey cardinal and let k be the least 
totally Ramsey cardinal. Choose any K-model M -< and a K-powerset preserv- 
ing embedding j : M N . The strategy will be to show that k is totally Ramsey 
in TV. Observe first that = M . Thus, to show that k is totally Ramsey in 
N , we need to verify in N that every K-model m ^ M has a K-powerset preserving 
embedding. So let to G be a K-model such that m -< M. Observe that m Q M 
and m -< Hf^+ . By Proposition 11.91 contains a K-powerset preserving embed- 
ding for m. By elementarity, M contains some K-powerset preserving embedding 
h : m n. Since M thinks that \Trcl{h)\ < k, it must be in N as well. Thus, k is 
totally Ramsey in N. It follows that there is a totally Ramsey cardinal a below k. 
This is, of course, impossible since we assumed that k was the least totally Ramsey 
cardinal. Thus, there cannot be any totally Ramsey cardinals. □ 

This is surprising since, as was pointed out earlier, these embedding properties 
without powerset preservation are equivalent modulo the assumption that k^'^ = k. 
Once we add the powerset condition to the embeddings, the equivalence is strongly 
violated. Of course, now the question arises whether there can be any super Ramsey 
cardinals. 

Theorem 2.12. If k is a measurable cardinal, then k is a super Ramsey limit of 
super Ramsey cardinals. 

Proof. Fix A C K. Let j : V M he an ultrapower by a measure on k, then j 
is K-powerset preserving. First, we reduce j to a K-powerset preserving embedding 
of sets by considering the restriction j : Hf^+ The problem is that 

the set Hk,+ is still too big. So second, in some sense, we would like to take an 
elementary substructure of size k of the embedding we currently have. To make 
this precise, consider the structure {H^'^^^^,Hf^+,j). This is a structure whose 

universe is H^^^^ with a unary relation and a binary relation j. Observe that 
{H^^^+,H^+,j) \= "j is a K-powerset preserving embedding from Hf,+ to H^'^^^^" . 
Now we can take an elementary substructure {N', K, h') of size k such that A S N', 
K + 1 C iV', and N''^'^ C N' . The last is possible, by the usual Skolem-Lowenheim 
type construction, since k is inaccessible. By elementarity, we have that A € K, 
K + 1 C K^'^ C K, and K -< H^+. Also, since k C K, we have that K 
is transitive. Thus, if is a K-model containing A and elementary in . Let 
IT : N' ~* N he the Mostowski collapse and observe that ir \ K = id. Finally, 
let h — 7r"/i'. Elementarity and the fact that tt is an isomorphism imply that 
h : K N is SL K-powerset preserving embedding. This concludes the argument 
that K is super Ramsey. It remains to show that k is a limit of super Ramsey 
cardinals. It will suffice to show that M \= "k is super Ramsey" . But this follows 
since the h we built has transitive size k and is therefore in M. □ 
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Corollary 2.13. Con(ZFC + 3 measurable cardinal) ==4> Con(ZFC + 3 proper class 
of super Ramsey cardinals) 

Next, observe that we cannot hope for any of the cardinals with the Ramsey-like 
embeddings to have property (8) of weakly compact cardinals from Theorem ll.il 
In fact, the following is true: 

Proposition 2.14. If k has the property that every A C k is contained in a weak 
K-model M for which there exists a n-powerset preserving embedding j : M N 
such that j'^V{K)'^ is an element of N , then k is a limit of measurable cardinals. 

Proof. Fix a weak K-model M containing for which there exists a K-powerset 
preserving j : M ^ N such that X = j"V{K)^^ is an element of N. Define the 
usual M-ultrafilter U = {B C k \ B e M and k G j{B)}. Since X e N, we can 
define {C n k \ C e X and k e C} ^ {B C k \ k € j{B)} = U in N. Therefore 
U is an element of N. But, by the powerset preservation property, U is also an 
A^-ultrafilter, and hence N thinks that k is measurable. It follows that k must be 
a limit of measurable cardinals. □ 

For example, if n is 2''-supercompact, then n will have the above property. To 
see this, fix a 2''-supercompact embedding j : V ^ M and A C k. Choose some 
cardinal A such that j(A) = A and j"2'^ G ^\+- before, we first restrict j to a 
set embedding j : Hx+ . Observe that C Hx+ . Thus, it makes sense to 

consider the structure {Hx+, H^l,j). Take an elementary substructure (K' , N' , h') 
of (Hx+,H^i,j) of size k such that A £ K' , j"2'' e K' , k + 1 C K', and K'<^ C K'. 
Let TT : K' ^ K be the Mostowski collapse, tt \ N' = N , and h — 7r"/i'. Observe 
that N is the Mostowski collapse of N' . It is easy to see that if is a K-model 
containing A, the map h : K ^ N in & K-powerset preserving embedding, and 
h"V{K)^ is an element of N. 

Property (2) of weakly compact cardinals from Theorem 1 1.1 1 is called the Exten- 
sion Property. Finally, I will show that the weak Ramsey cardinals also have an 
extension-like property. Suppose X C 'P(k). The structure (V^, S, will be 

the structure in the language consisting of £ and unary predicate symbols for every 
element of X with the natural interpretation. 

Theorem 2.15. A cardinal k is weakly Ramsey if and only if every A C n belongs to 
a collection X C V(k) such that the structure (V^, G, B)Bex has a proper transitive 
elementary extension (W^ G,B*)b£X with V{n)'^ = X. 

Proof. {==>)'. Suppose that k is a weakly Ramsey cardinal and A C_ n. Fix a weak 
K-model M containing A and for which there exists a K-powersct preserving 
embedding j : M ^ N. Let X = V{k)^ . It is easy to verify that (V^, G, B)Bex ^ 
{Vji^),(^,jiB))Bex- 

(<^=): Fix A C K. The set A belongs to a collection X C V{k) such that the 
structure (V^, G, B) b<^x has a proper transitive elementary extension {W, G, B*)b^x 
with P(k)^ = X. We can assume that W has size k since if this is not the case, 
we can take an elementary substructure of size k which contains as a subset 
and collapse it. Since V„ satisfies that exists for every a < k, it follows 

by elementarily that Hf^+ exists in W . Let M = TJ*^ and observe that M is a 
weak K-model containing A. Define U = {B G X | fc G B*}. I claim that U is 
a weakly amenable Af-ultrafilter. See ahead to Definition 13.21 and Proposition 13.31 
for an explanation of weakly amenable ultrafilters. It should be clear that U is 
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an ultrafilter. To show that U is normal, fix a regressive f : B ^ k in M for 
some B £ U. Since we can code / as a subset of k and V{k)^ = X, we can 
think of / being in X. Now we can consider the regressive f* : B* ^ n* and let 
= a < k. The set C = G k | /(^) = a} is in W. Since it is clear that 
K e C*, we have C £ U. Thus, U is normal. To show that U is weakly amenable, 
suppose i? C /t X K is in M. We need to see that the set C = {a £ k | Bq, G [/} is 
in M. Again, since we can code i? as a subset of k, we think of B as being in X. In 
W, we can define the set {a G k | k G B'^}, and it is clear that this set is exactly 
C. This completes the argument that C G M, and hence U is weakly amenable. 

Next, I will show that the ultrapower of M by [/ is well-founded. It will help first 
to verify that if C G X codes a well-founded relation on k, then C* codes a well- 
founded relation on Ord^. If C G X codes a well-founded relation, {Vk, G, B)b^x 
satisfies that C \ a has a rank function for all a < n. It follows that (VF, G, B*)b£X 
satisfies that C* \ a has a rank function for all a < Ord^. Since n is weakly 
compact and we assumed that W has size k, we can find a well-founded elementary 
extension {X, E, B**)b£X for the structure (VF, G, B*)b£X satisfying that there ex- 
ists an ordinal above the ordinals of W (Theorem II. 1[ (1)) . There is no reason to 
expect that X is an end-extension or that E is the true membership relation, but 
that is not important for us. We only care that E is well-founded and X thinks it 
has an ordinal > Ord'^. By elementarity, it follows that {X, E, B**) Bex satisfies 
that C** \ a has a rank function for all a < Ord . In particular, if a > Ord in X , 
then {X, E, B**) Bex satisfies that C** \ a has a rank function. Since the structure 
{X,E,B**)Bex is well-founded and can only add new elements to C* , if C* was 
not well-founded to begin with, X would detect this. Hence C* is well-founded. 

Now we go back to proving that the ultrapower of M by U is well-founded. Sup- 
pose towards a contradiction that there exists a membership descending sequence 
. . . E [fn] E . . . E [fi] E [fo] of elements of the ultrapower. Each /„ : k ^ M is an 
element of M, and for every n G uj, the set An = {a G k | /„+i(a) G fn{a)} G U. 
In M, fix some F„ C k coding the function /„. We can use the codes Fq and Fi 
and the set Aq to define Bq C k, which codes for every a G Ap, a membership 
isomorphism from the transitive closure of Fi{a) to the subset of the transitive 
closure of Fo{a) that corresponds to the transitive closure of /i(a). In this way, 
we define i?„ for every n G w. Observe that (Vk, G, B)Bex satisfies that for every 
a G Aq, the set Bq codes a membership isomorphism from the transitive closure of 
Fi [a) to a subset of the transitive closure of Fq (a) that corresponds to the transi- 
tive closure of an element of FQ{a). Since Aq G C/, we know that k G Aq. Hence 
(VF, G, B*) Bex satisfies that the set Bq codes a membership isomorphism from the 
transitive closure of FI{k) to the subset of the transitive closure of Fq{k) that 
corresponds to the transitive closure of an element of Fq{k). The same statement 
holds of course for all n G lu. Since each Fn was well-founded, then so is each F* 
by the above argument. Hence we can Mostowski collapse each F* to obtain some 
function (?„ : Ord^ —>■ Ord. Finally, observe that the gni^) form a descending G- 
sequence. This follows since the transitive closure of each Fnj^i(K) was membership 
isomorphic to the transitive closure of an element of Thus, we reached a 

contradiction showing that the the ultrapower of M by U is well-founded. Let N 
be the Mostowski collapse of M/U, and observe finally that since U was weakly 
amenable, the ultrapower embedding j : AI ^ N is K-powerset preserving (Propo- 
sition [331). n 
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3. Ramsey Cardinals 

In this section, I give a proof that Ramsey cardinals are exactly the cardinals 
with the Ramsey embedding property. Before that we need to recall some facts 
about iterating M-ultrafilters and K-powerset preserving embeddings. 

Definition 3.1. A cardinal k is Ramsey if every coloring F : [k]^'^ — > 2 has a 

homogenous set of size k. 

Definition 3.2. Suppose M is a weak K-model and U is an M-ultrafilter on k. 
Then U is weakly amenable if for every ^ C k x k in M, the set {a € k \ 
Ao,eU}€ M. 

It is easy to see that if U is weakly amenable, then for every ^ C x k in M, 
the set {a G k" | A-^ £ U} € M . If [/ is a weakly amenable M-ultrafilter on k, we 
can define product ultrafilters ?7" on V{k'"') fl M for every n ^ uj. We define [/" by 
induction on n such that ^ C k" x k is in [/"+^ = U" x [/ if and only ii A £ M 
and {a S k" | A-^ € U} € J7". Note that this definition makes sense only in the 
presence of weak amenability. It turns out that weakly amenable M-ultrafilters on 
K are exactly the ones that give rise to K-powerset preserving embeddings. 

Proposition 3.3. If M is a weak n-model and j : M ^ N is the ultrapower by 
an AI -ultrafilter U on n, then U is weakly amenable if and only if j is n-powerset 
preserving. ([?], p. 246) 

Once we have the definition of weakly amenable ultrafilters, we can restate the 
Ramsey embedding property. We say that an ultrafilter U is countably closed if 
whenever {An | n G is a sequence of elements of U, the intersection HneuAn ^ 0. 

Proposition 3.4. A cardinal k has the Ramsey embedding property if and only if 
every A C_ k is contained in a weak n-model M for which there exists a countably 
closed weakly amenable M-ultrafilter on k. 

This holds since a countably closed ultrafilter must give rise to a well-founded 
ultrapower. The next couple of propositions address the issue of iterating ultra- 
powers. 

Lemma 3.5. Suppose M is a weak n-model, U is a weakly amenable M-ultrafilter 
on K, and j : M ^ N is the well-founded ultrapower by C/" with critical point k. 
Define j{U) = {A C j{K) \ A = [f]ur^ and {a G k" | /(a) S C/} G C/"}. Then 
j{U) is well-defined and i{U) is a weakly amenable N -ultrafilter on J^k) such that 
AeU implies j{A) e i{U). ([?], p. 246) 

Lemma l3.5l is essentially saying that we can take the ultrapower of the structure 
(M, G, [/) by the ultrafilter J7" and the Los construction still goes through due to 
the weak amenability of U . The ultrafilter j{U) is simply the relation corresponding 
to U in the ultrapower. The next lemma is a modification for the case of weak k- 
models of the standard fact from iterating ultrapowers (see, for example, [?], ch. 
0). 

Lemma 3.6. Suppose M is a weak n-model, U is a weakly amenable M-ultrafilter 
on K, and ju : M — > M/U is the well-founded ultrapower by U . Suppose further that 
ju^ ■■ M M/U"- and hu^ : M/U {M/U)/U" are the well-founded ultrapowers 
by U'\ Then the ultrapower jj^^(u) : M/U" {M/U")/ ju^{U) by jur^{U) and 
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the uHrapower jjjn+i : M — > AI/U"^^ by U^''^^ are also well-founded. Moreover, 
{M/U")/jw^(U) = {M/U)/V = M/C/"+i, and the following diagram commutes: 

M — ► M/U 




M/U^ ; (M/{/")/jc/"(C/) 

Jjc/" (U) 

Proposition 3.7. // A'l is a weak n-model and U is a countably closed weakly 
amenable M -ultrafilter on k, then the uUrapowers of M by f/" are well-founded for 
all n £ uj. 

Proof. Use Lemma 13.61 and argue by induction on n. □ 

Lemma 3.8. Suppose M is a weak n-model and U is a weakly amenable M- 
ultrafilter on k such that the embeddings jjjn : M — > M /U^ are well-founded for all 
n Cz uj. Then A G J7" if and only if {K,ju(K), . . . , ju-n~i[n)) € ju^{A). 

Proof. The proof is by induction on n. Since j : M ^ M/U is an ultrapower 
by a normal ultrafilter, A e [/ if and only if k G ju{A). This proves the base 
case, and so assume that the statement holds for n. To prove the statement 
for n + 1, we will refer to the commutative diagram from Lemma 13.61 Suppose 
(k, jc/(K), . . . , G Jc/"+i(^), then {n, ju{n), . . . , iu^{n)) e Jj„^(t/)(jc/" (^)), 

and so ju^{n) e jic/"(c/)0'tf"(^))(Kj„(K),...,j^,„_i(K))- It follows that 
J;7"(k) e JjY,„(c/)(j;7"(^)(K,iu(K),...j^^-i(«))) since the critical point of jj^„{u) is 
J;7"(k)- Since ju^iU) is a normal ultrafilter on ju^{i^)^ we have that 
j(7" (k)> ^ .iu"{U). By the inductive assumption, we know that 
[id\u^ = {K,juiK),---Ju"-^ii^)), and therefore we have ju'-{A)[id]^„ G ju^{U). 
But now this imphes that {a G k" | G C/} G C/". So A G ?7"+^ as desired. For 
the forward implication, just reverse the steps above. □ 

Lemma 3.9. Suppose M is a weak n-model and U is a weakly amenable M- 
ultrafilter on k such that the uUrapowers by [/" are well-founded for all n G to. 
If A £ U", then there exists B G U such that for all ai < • ■ ■ < an & B, we have 
(ai, . . . , a„) G A. 

Proof. I will argue by induction on n. Throughout the proof, I will be using the 
machinery of diagonal intersections in disguise, but it is easier to see what is going 
on without using the terminology of diagonal intersections. The base case n — 1 
is clearly trivial. So suppose the statement holds for n. Let A G C/"+^, then 
Z = {a G k" I A-^ G U} G ?7". By the inductive assumption, there is a set 
Y e U such that for aU /3i < • • • < /3„ G Y, we have . . .,/?„) G Z. Define 
S = G r I V/3i <•••</?„ G yif /3„ < then $ G then j{B) = 
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{e e j{Y) I V/3i < ■ • • < /3„ e jiY) if /3„ < ^, then ^ £ j(^){/3i,...,/3„)}- Recall that 
B eU if and only if k e j{B). It is clear that k e If /3i <• ••</?„ G j{Y) and 

/3„ < K, then . . . , /3„ S F. It follows that k G j'(^(/3i,...,/3„)) = j(^)(/9i,...,/9„) since 
^{t3i,...j3„) & U. So K G j{B), and hence B eU. Also, clearly if /3i < • • • < /3„ < ^ 
are in B, then ...,/?„, ^} G A. □ 

We are now ready to prove that cardinals with the Ramsey embedding property 
are Ramsey. The other direction will involve a much more complicated argument 
starting with Definition 13.121 

Theorem 3.10. A cardinal k has the Ramsey embedding property if and only if k 
is Ramsey. 

Proof of the forward direction. Fix a coloring _F : [k] — > 2 and choose a weak re- 
model AI containing F for which there exists a countably closed weakly amenable 
A/-ultrafilter U on k. Let j : M ^ N be the ultrapower by U. We need to show 
that F has a homogenous set H of size k. First, observe that if {An | n G is 
a sequence such that each An G then n„gi^A„ has size k. To see this, suppose 
rineujAn has size less than k. Choose a < k such that n„gi^A„ is contained in a, 
and let B = G K I ^ > a} G [/. But then B n {(IneujAn) — 0, which contradicts 
that U is countably closed. Define /„ : [k]" 2 by /„ = f [k]" and observe that 
(/„ \ n G uj) G M . The strategy will be to find for every n G w, a set G U 
homogenous for /„. Then DneujHn will have size k and be homogenous for F. Let 
ju"{fn){K,ju{K), . . . ,ju"-^{i^)) = « G 2, and consider A = {a € k"- \ fn{a) = i}. 
Clearly A G since (k, ^{/(k), . . . , j(7'>-i(K)) G By Proposition 13. 9| there 

exists B <eU such that for all /3i < • • • < /3„ G B, we have {Pi, ... , /3„) G A. Letting 
B = Hn, we get the desired result. □ 

Corollary 3.11. If k is a strongly Ramsey cardinal, then k is a Ramsey limit of 
Ramsey cardinals. 

Proof. Clearly k is Ramsey. So we need to show that k is a limit of Ramsey cardi- 
nals. Fix a K-model M for which there exists a K-powerset preserving j : M —>■ N. 
The argument above shows that k is Ramsey in M since AI being closed under < re- 
sequences will have {Hn : n G w) as an element. Thus, by the powerset preservation 
property, k is Ramsey in N as well. Hence, k is a limit of Ramsey cardinals. □ 

We now give a summary of the arguments from [?] (p. 128, p. 140) that Ramsey 
cardinals have the Ramsey embedding property. 

Definition 3.12. Suppose k is a cardinal and A C k. Then / C re is a set of good 
indiscernibles for (Lk[^],^) if for all 7 G /: 

(1) {L^[A],A) ^ {L,[A],A). 

(2) / — 7 is a set of indiscernibles for A, Ojei- 

It turns out that if / are good indiscernibles for {Lk[A],A), then every 7 G / is 
inaccessible in {Lk,[A],A). 

Lemma 3.13. If k is Ramsey and A C re, then {Lf^[A],A) has a collection of good 
indiscernibles of size k. 

For proof, see [?] (p. 140). We are now ready to prove that Ramsey cardinals 
have the Ramsey embedding property. 
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Proof of the backward direction of Theorem \3.1(A Fix A C k and consider the struc- 
ture A = {Lk,[A], A) . It is clear that {Lk[A],A) has a definable well-ordering and 
therefore definable Skolem functions. By Lemma I3.13[ (Lk [A] , A) has a collection 
/ of good indiscernibles of size k. For every 7 G / and n G to, let 7 = {71, . . . , 7„} 
where 71 < • • ■ < 7n are the first n elements in / above 7. Given 7 G / and n G w, 

define = 5*0^^(7 + 1 U {7}), the Skolem closure using the definable Skolem 
functions of A). It is easy to see that {Li^[A],A) |= ZFC. It follows that 

exists in ^) for every A, and {H^_^ , A) \^ ZFC". Since {A'^,A) {L^[A],A) 

and 7 G ii^J, we have H:^+ G ilj. Next, define A!^ = AJ^ n H:^+. 

Lemma 3.13.1. A!^ is transitive and {A'^,A) ^ ZFC". 

Proof. First, we show that A" is transitive. Fix a G -4" and 6 G a. The set a 

is coded by a subset of 7 x 7 in {L^ [A] ,A). By elementarity, A!^ contains a set 
C 7 X 7 coding a and the Mostowski collapse tt : (7, i?) Trcl{a). Let a G 7 

such that {Lk[A\,A) |= 7r(a) = b. Since a < 7, we have a G -4", and so 6 G by 
elementarity. It is clear that b G -4" also. This shows that is transitive. 

Next, we show that |= ZFC". Let tt : AV^ ^ N he the Mostowski 

collapse. Since A^ C A^ is transitive, it follows that 7r(x) = x for all x G 
Therefore tt{H^+) = AV^ and 7r(7J^+ n A) = n A. It follows that {AV^, A) is an 
element of the Mostowski collapse iV and N thinks is its . From this we 
conclude that (^I^, A) |= ZFC". □ 

Lemma 3.13.2. For every 7 G / and n G o-!, we have A" -< A"'^^ . 

Proof. It is certainly clear that A" -< A"+^ since these are Skolem closures of sets 

that extend each other. Let tt : A!^ N and p : A"^^ N' be the Mostowski 
collapses. It suffices to observe that A" is the of N and A"+^ is the of 
N'. □ 

Recall that if a G AHj, then a = h{b ,j, j) where /i is a definable Skolem function, 

6 C 7, and 7 = {71, . . . , 7„} are the first n elements above 7 in /. Given j < S £ I , 

define /"^ : A" ^ A^ by /"^(a) = h{b,S, 6) where a = h{b,j,j) is as above. 
Observe that since / — 7 are indiscernibles for (Lk[A], the map f"g is 

clearly well-defined and elementary. Also, f "s{j) — S and fl^siO = C for all C < 7- 
So the critical point of /"^ is 7. Finally, note that for all 7 < (5 < /3 G /, we have 

fn ^ fn fn 

Jj0 ° JpS — J-iS- 

Lemma 3.13.3. The map /^^ f y^!^ : y^!^ ^ is elementary. 

Proof. Fix a G -4" and recall that A" thinks a G H^+. By elementarity of /"^, 

it follows that thinks /^'^(a) G Therefore /^^ : ^ Elementarity 

follows as in the previous lemma. □ 

For 7 G /, define [/« = {X G V{i) n A'^ \ 7 G /^^(X) for some 5 > 7}. 
Equivalently, we could have used "for all 6 > 7" in the definition. 
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Lemma 3.13.4. C/^' is an A!^ -ultrafilter on 7. 

Proof. Easy. □ 

Observe that if ao, . . . , a„ e -^^7[^] for some 7 G /, then for every formula (p{x), 
we have {L,[A],A) \= ^(o) ^ {L^[A],A) \= ip{a) ^ \= ''{L.,[A],A) \= 

(p(a)". It follows that for every 7 S /, the model A) has a truth predicate 

definable from 7 for formulas with parameters from 

Lemma 3.13.5. The ultrafilter UJ^ G ^^+2. 

Proof. In we have f/" = {a; G 'P(7) | 3/i3t/ < 7 /i is a Skolem term and 

h = (u',7,71, . . . ,7„)A7 G /i(t/,7i,72, . . . ,7n+i)}. This follows since 7„+2 G ^"+^, 
and therefore we can define a truth predicate for ^-^^^^[A], which is good enough 

for the definition above. So far we have shown that t/" is in .4"^^. To finish the 
argument, observe that {Li^[A],A) \= Ul^ e H^+, and therefore G □ 

It should be clear that C/^ C i7^+i and /^^ C Define Ay = UneujAH; 

and U-y = Un^ujUI^- Also, define fjs = ^neuf^s '■ A^ ^ As and observe that it is 
elementary. Since each was an ^"-ultrafilter on 7, it is easy to see that Uj is 

an ^-y-ultrafiltcr on 7. 

Lemma 3.13.6. The Aj -ultrafilter Uj is weakly amenable. 

Proof Consider S C 7 x 7 with B € Aj. Define C = € j \ £ Uj}. We need 
to show that C € A-y. Since B G Ay, it follows that B G A" for some n G w. But 
then C = G 7 I G C/^} and C/^ G A!^+^ C □ 

Now for every 7 G /, we have an associated structure {Aj, G, A,Uj). Also, if 
7 < 5 in /, we have an elementary embedding f^s : Aj ^ As with critical point 
7 between the structures {Aj,A) and {As, A) such that X G f/^ if and only if 
fjs{X) E Us- This is a directed system of models and so we can take its direct 
limit. Define {B, E, A', V) = lim^e/(y^^, e. A, U^). 

Lemma 3.13.7. The relation E on B is well-founded. 

Proof. The elements of B are functions t with domains {S, & I \ £, > a] ion some 
a €: I satisfying the properties: 

(1) i(7) G A^, 

(2) for 7 < (5 in domain of t, we have t{S) — f-ys{t{j)), 

(3) there is no ^ G / n a for which there is a G Aj such that /{a (a) = t{a). 
Note that each t is determined once you know any t{^) by extending uniquely 
forward and backward. Standard arguments (for example, [?], p. 157) show that 
B \= (p{ti, . . . ,tn) ^ 37 Ay 1= (p{ti{j), . . . ,^71(7)) ^ for all 7 in the intersection of 
the domains of the ti, the structure A-y \= (p{ti{'y), . . . , t„(7)). This truth definition 
holds only of atomic formulas where the formulas involve the predicate for the 
ultrafilter. 

Suppose to the contrary that E is not well-founded, then there is a descend- 
ing i?-sequence ■ ■ ■ E tn E ■ ■ ■ E ti E to. Find 70 such that A-i^g \= ^1(70) G ^0(70)- 
Next, find 71 > 70 such that Ay^ |= f2(7i) G fi(7i)- In this fashion, define an 
increasing sequence 70 < 71 < • • • < 7n < • • • such that Ay^ |= i„+i(7„) G tn(7„). 
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Let J E I such that 7 > sup„g^7„. It foUows that for aU n G w, the structure 
■^7 1= /7„7(Wi(7n)) e fi^i{tn{ln)), and therefore \= Wi(7) € tn(7)- But, of 
course, this is impossible. Thus, E is weU-founded. □ 

Let {Ak, e, A*, [/„) be the Mostowski collapse of {B, E, A', V). 

Lemma 3.13.8. The cardinal k G A^- 

Proof. Fix a G K and let 7 G J be the least ordinal greater than a. Define ta to 
have domain € / | ^ > 7} such that ta{£,) = a, then ta is an element of B which 
collapses to a. Define t^, to have domain I such that t^ij) = 7, then t^, collapses 

to K. □ 

Define jj : Ay A^ such that i~f{a) is the collapse of the function t for which 
t(^) = a. The maps are fully elementary in the language of {A^,A) and ele- 
mentary for atomic formulas in the language with the predicate for the ultrafilter. 
Observe that j-y{^) = C for all ^ < 7 since if t{'y) = ^, then t =^ t^. Also, j-yij) = k 
since if t{j) = 7, then t = t^- So the critical point of each is k. Finally, if 7 < (5 
in I, then js o f^s = 3i- 

Lemma 3.13.9. The set is a weakly amenable An-ultrafilter on k. 

Proof. Easy. □ 

Lemma 3.13.10. A set X G f/^ if and only if there exists a G I such that 

{^el\^>a}cx. 

Proof Fix X C K in An and /3 G / such that for all ^ > P, there is X' G A^ 
with j^{X') = X. For ^ > /3, we have X G ^ X' € ^ ^ G ^ 
.76(0 e .7ci ° fadX') = idX') ^ e G = ^- Thus, for a > /3, we have 

e / I C > a} C X if and only if X G C/„. □ 

Lemma 3.13.11. The An-ultrafilter 11^ is countably closed. 

Proof. Fix {An | n G w) a sequence of elements of Uk,. We need to show that 
(IneojAn 7^ 0- For each A„, there exists 'jn & I such that X„ = g / | ^ > 7„} C 
An. Thus, n„£a'-'^ra C n„£c^A„ and clearly Cineu^n has size k. □ 

It remains to show that A £ Ak- 

Lemma 3.13.12. The set A* \ k = A, and hence A G Ak. 

Proof. Fix a G A and let 7 G / such that 7 > a, then {A-y, A) \^ a G A. It follows 
that {An, A) 1= j^{a) G A*, but jj{a) = a, and so a G A*. Thus, AC A*. Now fix 
a G A* \ K and let 7 G / such that 7 > a, then jjia) = a, and so jjia) G A*. It 
follows that aG A. Thus, A* f k C A. We conclude that A = A* \ k. □ 

Wc have found a weak K-model M containing A for which there exists a countably 
closed weakly amenable M-ultrafilter on k, namely M = Ak- This concludes the 
proof that if k is Ramsey, then k has the Ramsey embedding property. □ 

I will end this section by giving an interesting reformulation of the Ramsey 
embedding property. 

Proposition 3.14. A cardinal k is Ramsey if and only if every A C k is contained 
in a weak K-model M \= ZFC for which there exists j : M ^ N an ultrapower by a 
countably closed M-ultrafilter such that M -< N. 
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The difference from tlie earlier definition of tlie Ramsey embedding property is 
that now for every A C k, we have A G M where M is a model of all of ZFC and 
j : M ^ iV is an ultrapower by a countably closed M-ultrafilter such that not only 
do M and N have the same subsets of n, but actually M -< N. 

Proof. Fix A (- K and choose a weak K-model M containing A and for which 
there exists a countably closed weakly amenable M-ultrafilter U on k. Let 
j : M N he the ultrapower by U. I will refer to the commutative diagram 
from Lemma 13.61 For the case n = 1, the diagram becomes the following: 

M ► N = M/U 

j \^ hu 

N = M/U " K = N/j{U) 

Let M' = V^^^^y then M' is a transitive model of ZFC since K h ZFC. Let K' = 
'^3\u){jM) ~ ^'ic/(j(t))' Observe that since M' is transitive, the map 
hjj \ M' : M' — > K' is the ultrapower embedding of M' into M' /U . It remains to 
show that M' ~< K', but this follows easily from the jj{u) side of the commutative 
diagram since jj{u) \ ■ ~^ ^' ^-nd jj{u) is identity on M' . □ 

Corollary 3.15. A cardinal k is strongly Ramsey if and only if every A C k is 
contained in a K-model M [= ZFC for which there exists an elementary embedding 
j : M —>■ N with critical point n such that M ~< N . 

Proof. Using the previous proof it suffices to show that M' is closed under < k- 
sequences. We can assume without loss of generality that N is closed under < re- 
sequences fProDOsition ll.9p . Therefore V^^) must be closed under < K-sequences 
since N thinks that j{K) is inaccessible. □ 

Question 3.16. If k is a weakly Ramsey cardinal, does there exist for every A C k, 
a weak K-model M |= ZFC and an elementary embedding j : M ^ N with critical 
point K such that M -< Nl 

In the above proofs, we get elementary embeddings j : M ^ N such that 
M = V^^-) . It is worth noting that it is always possible to get K-powerset preserving 
embeddings where M — . 

Proposition 3.17. If j : M N is a K-powerset preserving embedding of weak k- 
models and A <Z k is in M , then there is another K-powerset preserving embedding 
of weak n-models h : M' N' such that A & M' and M' = iJ^' . 

Proof Define M' ^ {x e M \ M ^ \Trd{x)\ < k} emd N' = {x e N \ N \^ 
\Trcl{x)\ < j{K)}. Clearly M' is a transitive subclass of M containing A. It is easy 
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to check that j \ M' : M' ^ N' is a K-powerset preserving embedding of K-models 
and M' = H^+. □ 

4. Weakly Ramsey Cardinals Exist in L 

In this section, I show that weakly Ramsey cardinals are downward absolute to 
L. The proof is nearly completely due to Philip Welch who showed originally that 
if 0"^ exists, then Silver indiscernibles are weakly Ramsey in L [?]. I modified the 
proof slightly using Lemma [1751 to obtain the full downward absoluteness. 

Lemma 4.1. //O^ exists and k is a Silver indiscernible, then (k'^)^ has cofinality 

LU. 

Proof. Let I be the Silver indiscernibles and let n £ I . Every element of L has the 

form i(/3, 7) where t is a Skolem term and (3 < k and 7 > k are both from /. Fix 
a Skolem term t and let A: = to + n be the arity of t. Let (5i < • ■ • < (5„ be the first 
n indiscernibles above k. We will investigate all possible values of the term t with 
parameters from / such that the first m many parameters are below or equal to k 

and the n remaining parameters are above k. I claim that for (3 < n and 7 > k 

in /, if i(/?,7) < then t(/?,7) = . . . , (5„). Since i(/3,7) < 

by indiscernibility we have that t{(3 ,5i, . . . ,5n) < (k^)^. It follows that for any n 

many indiscernibles £,1 < ■ ■ ■ < £,n above k, we have i(/3, ^1, . . . , < Split 
the indiscernibles above k into class many increasing n-tuples. That is, we have 

Si < ■ ■ ■ < Sn < Sn+l 

then, by indiscernibility, we have class many elements below which is impossible. 

Also, we can't have t(/3, Si, ... , (5„) > i(/3, Sn+i, ■ . ■ , S2n) since, by indiscernibility, 
we would have a descending w-chain in the ordinals. It follows that we must have 

t{l3,Si,...,Sn) = t(/3,(5„+i, . . . ,(52„). Now let 7„,(5„ < S^^ < ■ ■ ■ < 6^^, then 

t{(3,^) = t{f3,S^,,...,6^J and t{(3 ,Si, . . . ,Sn) = t{(3 ,S^^, . . . ,S^J. This gives 

7) — t{j3 , (5i, . . . , Sn)- Thus, for a fixed term t of arity k — m + n and f3 < k 

of arity to in /, we have for all 7 > k of arity n in / that if t(/3, 7) < 

then 7) — t{f3,Si, . . . ,(5„) where S is as above. Fix such t and consider the 

supremum in L of i(/3 , (5i, . . . , (5„) < ranging over all /3 < k and n < k. Since 

this supremum is definable in L and L thinks that (k"*")^ is regular, it follows that 
the supremum is below Thus, {k"^)^ is the union of these supremums taken 

over all terms t, and hence has cofinality uj. □ 

Theorem 4.2 (Welch, 2007). // 0^^ exists, then Silver indiscernibles are weakly 
Ramsey in L. 

Proof. Let / = {i^ : 1^ G Ord} be the Silver indiscernibles enumerated in order. Fix 
K d I and let A = [n'^)^ . Let j : I ^ I such that j{i^) = i(_ for all i^ < k and 
= for all > k in /. The map j generates, via the Skolem functions, 
the elementary embedding j : L ^ L with critical point k. We can restrict j to 
j : L\ ^ Lji^xy Since A = {k^)^ , it should be clear that j is K-powerset preserving. 
Let U be the weakly amenable LA-ultrafilter generated by k via j (Proposition 
II. 9p . Observe that, by weak amenability, = fl is an element of L\ for 
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all a < A since a has size k in L\. Construct, using Lemma 14.11 a sequence 
{{Lx^^Ux^) : i G Lu) such that (Ai : i Cz lu) is cofinal in A, each Lx. -< Lx, and 
Uxi,Lxi G Lxij_i- Note that each individual {Lx^^Uxi) is an element of L and each 
Uxi is a LAi-ultrafilter with a well-founded ultrapower, but not necessarily weakly 
amenable. This motivates the argument below. 

Fix A (- K in L. Define in L, the tree T of finite sequences of the form 
s = ( {Ljg , Wq ,lpq), . . . ,{L~f^, Wn ,(pn)) ordered by extension and satisfying the prop- 
erties: 

(1) AeL^„, 

(2) L-y. ^ Lx and Wi is an L-y.-ultrafilter on k with a well-founded ultrapower, 

(3) (fii is a map from the equivalence classes in Ult{Ly^,Wi) which represent 
ordinals order-preserving into Ord, 

(4) for i < j < n, we have Lj.,Wi G L^., Wi C Wj, and "t/Ji C (^y. 

Since L-y. -< L-y. and Wi C Wj, we have that Ult{Ly., Wi) elementarily embeds into 
Ult{L^.,Wj) via the canonical map [f]wi ^ [f]Wj- The quotation marks around 
Lpi C Lpj above refer to the inclusion modulo to this embedding. 

The sequence {{Lxi,Uxi) : i G uj) constructed above gives a branch through 
the tree T in V since the maps ipxi can be easily constructed from the canonical 
embeddings of Ult{Lxi,Uxi) into Lj(A)- Thus, the tree is ill-founded in V, and 
hence also ill-founded in L by absoluteness. Let {{L^., Wi,(pi) : i G uj} he a branch 
of T in L. Let Ly = Ui^^Lj., W — Uifz^^Wi, and ip — Uit^i^ipi. It is clear that 

is a weakly amenable L^-ultrafilter. The function tp is an order-preserving map 
from the ordinals of Ult{Ly, W) into Ord witnessing that the ultrapower by W is 
well-founded. To see this, fix [f]w and [g]w representing ordinals in Ult{Ly,W). 
Since Ly = yJuz^L^^, there is 7^ < 7 such that / and g are elements of L^.. Thus, 
[f]wi and [g\wi represent ordinals in Ult(Lj., Wi) and the function ipi mapped them 
order-preserving into Ord. We now found a weak K-model Lj containg A for which 
there exists a weakly amenable L-^-ultrafilter on k with a well-founded ultrapower. 
This completes the proof that k is weakly Ramsey. □ 

Next, I will prove a lemma that will allow us to modify the proof of Theorem 
14.21 to show that weakly Ramsey cardinals are downward absolute to L. 

Lemma 4.3. If k is a weakly Ramsey cardinal, then every A G k is contained in 
a weak K-model M of cofinality uj for which there exists a K-powerset preserving 
embedding j : M ^ N . 

Proof. Fix A G K and choose a K-powerset preserving embedding h : M' N' 
such that Ae M' and M' = H^l (Proposition [3T7l) . I claim that if B G A/', then 
h \ B G N' . In M', let / be a bijection from k onto B and consider h{f) G N' . 
Fix & e B and let /(C) = 6, then h{f){Cj = h{f){h{0) = HfiO) = Hb)- Thus 
h \ B = h{f)f^^. Define Xq = k -t- 1 U {A}, then Xq is an element of size k in 
N'. Let Xq = X;^U h''{X'Q n M'), then Xq is an element of size k in iV'. Note 
that subsets of of size k are also elements of Hf^+ , and hence X'^ n M' is an 
element of M' . Define X[ to be the closure of Xq under witnesses for Si-formulas 
with parameters from Xq satisfied by N' . Again X'l is an element of size k in 
N'. Let Xi = X[\J h''{X{ n M'). Similarly, define X-+i to be the closure of Xi 
under witnesses for E^+i-formulas with parameters from Xi satisfied by N' and let 
Xi+i = X;_^i U h"{X^_^_^ n M'). Define X = Ui^^^X,. It is clear that X -< N'. 
Let n : X ^ N he the Mostowski collapse and let M = H^+. It should be clear 
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that N and M both have cofinahty oj. Define j : M N by j{a) — 7r(/i(7r^^(a))). 
The definition makes sense since if a S M, we have 7r^^(a) G M', and hence 
h{Tr~^{a)) G X by construction. It is clear that h is K-powerset preserving. So 
it suffices to verify that h is elementary. Suppose M \= (p{a), then X |= 1= 
(^(7r-i(a))", and hence TV' ^ ^ (p(7r~i(a))" . It follows that M' ^ (^(7r-i(a)), 

and hence N' \= ip{h{Tr^^ (a))). This implies that X \= ip{h{Tr~^ (a))), and hence 

Theorem 4.4. //k zs weakly Ramsey, then k is weakly Ramsey in L. 

Proof. Suppose k is weakly Ramsey and fix A C k in L. In L, let /i be an ordinal 
of size K such that A € L^, and B C k a. code for L^. In y, let M be a weak 
K-model of cofinality uj containing B for which there exists a K-powerset preserving 
j : M ^ N (Lemma 14. 3p . Suppose also that M has the least possible height. 
Note that the procedure to build M with cofinality ui from the proof of Lemma 
14.31 can only decrease the height, so the assumptions are not contradictory. Let 
a — Ord*^ and /3 = Ord^, then L*^ = La and = L/j. Consider the restriction 
of j to j : La Lfj. I will argue that it is still K-powerset preserving. By running 
the usual condensation argument inside Lp, it suffices to show that (k"'")^'' < a. 
Let 7 < K"*" in Lp, then Lp has C C k coding 7. This C is an element of M, 
and hence 7 G Af. Thus, 7 < a. Next, I claim that = a. If not, then 

there is ^ < a such that La thinks ^ is k"*". But then B G L^ and the restriction 
j : L^ Lj(^^^ is K-powerset preserving, contradicting that we chose M of least 
height. Therefore, La thinks that all 7 < a have size k. Let U be the weakly 
amenable La-ultrafilter generated by k via j (Proposition II. 9p . Observe that, by 
weak amenability, Uj = U Ci Lj is an element of La for all 7 < a since La thinks 
all 7 < a have size k. Now use the fact that a has cofinality lu to proceed as in the 
proof of Theorem 1121 □ 

5. Nearly Ramsey Cardinals 

One of the central features of A/-ultrafilters that arise from Ramsey-like embed- 
dings is that they can be iterated. For a weak K-model M, say that an M-ultrafilter 
on K is 1-good if the ultrapower is well-founded. Recall that a cardinal k is weakly 
compact if k^" = k and every A C k is a contained in a weak K-model for which 
there exists a 1-good M-ultrafilter on k. Once we assume that the M-ultrafilters 
are also weakly amenable, we get that the cardinal is already weakly Ramsey, a 
much stronger large cardinal. The weak amenablity of an ultrafilter makes possible 
the notion of iterating it. 

Start with a weak K-model Mq for which there exists a weakly amenable 1-good 
Mo-ultrafilter J7o- Applying Lemma 13. 5[ take the ultrapower of the structure 
{MqjUo) by Uq to obtain the structure {Mi,Ui) where J7i is a weakly amenable 
Mi-ultrafilter. This is a one-step iteration. If the ultrapower of Mi by J7i hap- 
pens to be well-founded, we will say that the original ultrafilter Uq is 2-good and 
take the ultrapower of (Mi, Ui) by Ui to obtain the structure (M2, U2)- This is a 
two-step iteration. Proceeding in this manner, suppose that an Mo-ultrafilter Uq 
is n-good for every n d uj. Then we say that Uq is Lu-good. In this case, we have a 
directed (linear actually) system of models (M„, with the corresponding ultra- 
power embeddings. Take the direct limit of this system. If the direct limit happens 
to be well-founded, collapse it to obtain (M^^, Uui), where is a weakly amenable 
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Mij-ultrafilter, and say that the original ultrafilter Uo is to + l-good. Proceed in this 
fashion as long as the iterates are well-founded. See [?], p. 244 for details involved 
in this construction. Call an ultrafilter iterable if it is a-good for every a. Gaifman 
showed in [?] that if an ultrafilter is wi-good, then it is already iterable . Kunen 
showed in [?] that if an ultrafilter is countably complete, then it is Wi-good, and 
hence iterable. Thus, every M-ultrafilter that arises from a Ramsey embedding is 
iterable. 

Definition 5.1. A cardinal k is nearly Ramsey if every A C k is contained in a 
weak K-model M for which there exists an iterable M-ultrafilter on k. 

Ramsey cardinals are nearly Ramsey and nearly Ramsey cardinals imply 0"* . It 
suffices to show that there is an embedding j : Li^+ with critical point k. 

Choose any weak K-model M for which there exists an iterable M-ultrafilter on k 
and consider the iterate M^ whose ordinals include (k"*")^- Then L„+ is contained 
in Ma, but M and M^ have the same subsets of k. Thus, -L„+ is already contained 
in M, and hence we can restrict the embedding to L^+. Most of the work on 
nearly Ramsey cardinals has been done by Ian Sharpe [?]. Ho showed that nearly 
Ramsey cardinals are strictly weaker than Ramsey cardinals. In fact, he showed 
that wi-Erdos cardinals are limits of nearly Ramsey cardinals, and hence Ramsey 
cardinals are limits of nearly Ramsey cardinals. Among other things, this trivially 
implies that Ramsey cardinals are limits of weakly Ramsey cardinals since every 
nearly Ramsey is weakly Ramsey. 

Question 5.2. Do a-good cardinals form a hierarchy of strength? 

Question 5.3. For what ordinals a are a-good cardinals consistent with V = L? 

Question 5.4. Is every nearly Ramsey cardinal a limit of weakly Ramsey cardinals? 
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